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We show the presence of universal features in the entanglement entropy of regularized boundary
states for (1+1)-d conformal field theories on a circle when the reduced density matrix is obtained
by tracing over right/left-moving modes. We derive a general formula for the left-right entanglement
entropy in terms of the central charge and the modular S matrix of the theory. When the state is
chosen to be an Ishibashi state, this measure of entanglement is shown to precisely reproduce the
spatial entanglement entropy of a (2+1)-d topological quantum field theory. We explicitly evaluate
the left-right entanglement entropies for the Ising model, the tricritical Ising model and the ŝu(2)k
WZW model as examples.
I. INTRODUCTION
The idea of entanglement entropy, which originated
in the context of explaining entropy of black holes [1],
has now become an established quantity of interest in
quantum information, many-body physics [2] and the
AdS/CFT correspondence [3]. This quantity, in its very
essence, captures the quantum entanglement of a subset
(HA) of the Hilbert space (H) with the rest of it. En-
tanglement entropy is defined as the von-Neumann en-
tropy corresponding to the reduced density matrix ρA,
SE = −Tr(ρA log ρA). The reduced density matrix of a
subspace of H is, in turn, obtained by tracing out the
degrees of freedom living in its complement (HA′).
In 1+1 dimensions, the entanglement entropy corre-
sponding to a subsystem A of a single-interval l, is known
to obey the universal formula : SA = (c/3) log(l/) [4–6].
This formula relates to ‘real-space entanglement’, in the
sense that the Hilbert space is geometrically partitioned.
In this article, we consider a special class of excited states
for CFTs on a circle. In particular, we consider confor-
mally invariant boundary states, |B〉, which are gener-
ically linear combinations of Ishibashi states, |ha〉〉 [7].
This class of states appear in the context of D-branes in
string theory [8, 9], critical quantum quenches [10–13],
quantum impurity problems [14] and the TQFT/CFT
correspondence [15–20]. These states are in a basis which
is holomorphically factorizable into their left and right
moving sectors. The entanglement entropy associated
with such a factorization is termed as left-right entangle-
ment entropy (LREE). The state |B〉 is, however, non-
normalizable. A way to regularize the norm is to per-
form a Euclidean time evolution by e−H and work with
the regularized state |B〉 = (e−H/(NB)1/2)|B〉 instead
[21]. The left-right entanglement entropy was studied for
states of this type for free bosons in [22] and in XXZ
chains in [23]. In this work, we develop the formalism to
calculate LREE for the states, |B〉, in arbitrary CFTs.
We investigate universalities determined by the typical
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CFT data and determine the dependence of this quan-
tity on the choice of |B〉.
We shall see that for all CFTs, defined on a circle of
circumference `, regardless of what boundary conditions
are chosen, as |B〉 approaches the boundary state |B〉,
the LREE always contains a cut-off dependent divergent
term proportional to the central charge (c),
Sdiv =
pic `
24
. (1)
Also, if we work directly with the Ishibashi states, then
there is a finite piece which can be written precisely in
terms of the quantum dimensions, da, as,
S|ha〉 =
pic `
24
+ log
(
da
D
)
, (2)
where, D = (∑a d2a)1/2, is the total quantum dimen-
sion. This expression above reproduces the answer for
the spatial entanglement entropy corresponding to a sin-
gle anyonic excitation of type a in a (2+1)-d in topo-
logical quantum field theory (TQFT) which has a chiral
CFT describing its edge modes. The first term in (2)
being the area law term and the second term the topo-
logical entanglement entropy [24, 25]. As we elaborate
below, the reason why this happens is because the entan-
glement/modular Hamiltonian of a bulk (2+1)-d theory
is equal to the Hamiltonian describing a chiral CFT on
its edge [15–20]. This result, therefore, follows as a con-
sequence of the correspondence relating 2d CFTs and 3d
TQFTs [26, 27].
The Ishibashi states |ha〉〉, however, do not satisfy mod-
ular invariance when the CFT is on a finite cylinder. Im-
posing this constraint gives us a specific linear combina-
tion of |ha〉〉, which are known as the Cardy states, |l˜〉
[28, 29]. We derive expressions for LREE for these states
in diagonal CFTs in terms of the modular S-matrix of
the CFT
S|h˜l〉 =
pic `
24
−
∑
j
S2lj log
(
S2lj
S1j
)
. (3)
This formula clearly shows the explicit dependence of this
quantity on the choice of |B〉 which is parametrized here
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2by the index l. For the choice l = 1, the finite piece
becomes −∑a (d2a/D2) log (da/D). Once again, using
the TQFT/CFT correspondence, we interpret this as the
average topological entanglement entropy. We explicitly
evaluate the LREE corresponding to the Cardy states for
a few cases – two minimal models describing statistical
systems at criticality (the Ising model and the tricritical
Ising model) and the ŝu(2)k WZW model.
II. LEFT-RIGHT ENTANGLEMENT ENTROPY
FORMULATION FOR GENERAL CFTS
We first develop a formalism to calculate LREE for an
arbitrary boundary state, |B〉 = ∑a ψaB |ha〉〉. The coeffi-
cients ψhaB characterize the boundary condition. |ha〉〉 are
the Ishibashi states, which are solutions to the conformal
boundary condition Ln|b〉 = L−n|b〉 [7]. They can be ex-
pressed in terms of the orthonormal basis |ha, N ; k〉 and
|ha, N ; k〉.
|ha〉〉 =
∞∑
N=0
dhaN∑
k=1
|ha, N ; k〉 ⊗ |ha, N ; k〉. (4)
Here, a is a label for the ath primary of weight ha and the
sum N is over descendants. As mentioned earlier, since
|B〉 is non-normalizable, we consider the regularized state
|B〉 = (e−H/(NB)1/2)|B〉. The reduced density matrix
associated with this state for the left-moving sector is
then [22, 30]
ρ
(B)
L =
TrR
(
e−H |B〉〈B|e−H)
NB ,
where, NB =
∑
j(|ψhjB |2)χhj (e−8pi

` ), is the normaliza-
tion factor. The Hamiltonian here is, H = 2pi` (L0 + L¯0 −
c
12 ). More explicitly, after tracing out the right-moving
sector,
ρ
(B)
L =
∑
a,N,k
|ψhaB |2e−8pi

` (ha+N− c24 )|ha, N, k〉〈ha, N, k|
NB .
(5)
As a check of consistency, it can be shown that the re-
duced density matrix becomes |0〉〈0| in the →∞ limit.
As expected, this is the projector onto the left-moving
sector’s vacuum, since the ground state of the CFT on
the circle is just |0〉 ⊗ |0¯〉 and hence the corresponding
LREE is zero.
We shall be interested in the thermodynamic limit,
`/  1. Although one can directly proceed to calcu-
late the entanglement entropy using the reduced density
matrix (5), we use the replica trick for the sake of com-
putational simplicity. (5) is a diagonal density matrix
and can therefore be easily raised to its nth power. We
require the following trace,
TrL[ρ
(B)
L ]
n =
1
(NB)n
∑
a,a′
|ψhaB |2nSaa′χha′ (e
− pi`2n ). (6)
Here, χha are the characters of the highest weight rep-
resentations corresponding to the primaries ha. For
unitary CFTs, they admit the expansion, χh(q) =
TrVh
(
qL0−
c
24
)
= q−
c
24
∑
N≥0 d
h
N q
h+N [31]. Here, dhN
counts the degeneracy of descendants at each level N .
In equation (6) above, we have also used the modular
transformation, χha(e
−8pin ` ) =
∑
a′ Saa′χha′ (e−
pi`
2n ), to
facilitate a small /` expansion.
Using the expansion for the characters in (6), we obtain
the following trace
TrL[ρ
(B)
L ]
n = exp
[
pi`
2
(
1
n
− n
)
c
24
] F(n,B)
[F(1, B)]n , (7)
where,
F(n,B) /`→0=
∑
a,a′
|ψhaB |2nSaa′
∑
N≥0
d
ha′
N q˜
(ha′+N)/n,
with q˜ = exp
(−pi`2 ).
By taking the derivative w.r.t. n, we explicitly obtain
the entanglement entropy to be
S|B〉 = − ∂nTr[ρ(B)L ]n
∣∣∣
n→1
, (8)
=
pic `
24 
−
∑
a
S1a|ψhaB |2 log(|ψhaB |2)∑
a
S1a|ψhaB |2
+ log
∑
a
S1a|ψhaB |2.
This clearly shows the presence of the divergent piece in
the left-right entanglement entropy for any choice of ψhaB .
Notice choosing |B〉 to be an Ishibashi state |hj〉〉, gets rid
of the second term and the finite piece is logS1j .
We shall now restrict our discussion to diagonal CFTs
[31]. These are the theories which have the modular in-
variant partition functions (on the torus) to be of the
form Z =
∑
a |χha|2 and have all fields in their corre-
sponding Kac table to be present (e.g. minimal models
of the type (Ap−1, Aq−1) in the ADE classification). For
theories of this kind, the Cardy states can be written as
[9, 29, 32],
|B〉 ≡ |h˜l〉 =
∑
j
Slj√S1j |hj〉〉, (9)
i.e. ψjl = Slj/
√S1j . The result (8) can now be expressed
fully in terms of the modular S-matrix. Using the real,
symmetric and unitary properties of S it is easy to see
that only the second term gives a finite contribution.
Thus, for generic Cardy states in diagonal CFTs, the
result for the LREE is,
S|h˜l〉 =
pic`
24
−
∑
j
S2lj log
(
S2lj
S1j
)
. (10)
It is worthwhile noting here that the finite contribution in
(8), (10) is completely independent of the scales involved
in the system.
3III. QUANTUM DIMENSIONS AND
TOPOLOGICAL ENTANGLEMENT ENTROPY
Quite interestingly, if we specifically choose the bound-
ary state |B〉 to be an Ishibashi state, |hj〉〉 – equation (8)
with ψhaB = δaj – then the LREE can be completely re-
cast in terms of the quantum dimensions of the CFT.
The quantum dimensions {dj} and the total quantum
dimension D are defined in terms of the elements of the
modular S matrix as follows [33–35]
dj =
S1j
S11 , D =
√∑
j
d2j =
1
S11 , (11)
(the second relation follows from unitarity of S). Using
the above definition, the left-right entanglement entropy
corresponding to |hj〉〉 is [36]
S|hj〉 =
pic`
24
+ log
dj
D (12)
It is well-known that gapless edge modes of (2+1)-d
TQFT can be described by a chiral (1+1)-d rational con-
formal field theory [26, 27]. Hence, we interpret equation
(12) in terms of the bulk quantities as follows. The first
term in (12) has the same structure of the area law of
real-space entanglement entropy Sarea(= α `/) in two
spatial dimensions. , therefore, corresponds to the spac-
ing of the lattice on which the TQFT lives. The non-
universal constant factor is pic/24. Moreover, the second
term, log(dj/D), is exactly the topological entanglement
entropy, Stopo(j), of anyons of type j [24, 25, 37]. This
term is universal and captures global features of entan-
glement in (2+1)-d TQFTs. We can therefore rewrite
equation (12) as
S|hj〉 = Sarea + Stopo(j). (13)
Therefore, the left-right entanglement entropy for
Ishibashi states precisely reproduces the spatial-
entanglement entropy in (2+1)-d [24, 25].
The result (13) can be understood from the equivalence
of the modular Hamiltonian of the bulk theory with the
Hamiltonian of the chiral CFT living on its edge [15–20].
Let us review this equivalence briefly. Consider anyons in
the topological sector j living on a sphere S2 (see Fig. 1)
– of radius `/(2pi) – which is bipartitioned into its upper
(P ) and lower (Q) hemispheres. The edge of P (Q) has
a chiral (anti-chiral) CFT. The full Hamiltonian of this
system is, H = HP +HQ +HPQ. Here, HPQ is the RG-
relevant interedge coupling between the left and right
modes. It can then be shown, entanglement properties
between P and Q can be mapped to those between the
left- and right-moving edge modes of the non-chiral CFT
living in the interedge region [16, 18, 19]. Therefore,
tracing out the subsystem Q is tantamount to tracing
out the right-moving modes.
Non-chiral
 CFT
FIG. 1. A TQFT on a sphere which is spatially bipartitioned
into the upper and lower hemispheres. A non-chiral CFT
lives in the interedge region. Calculating the left-right entan-
glement entropy of this CFT is equivalent to calculating the
real-space entanglement entropy in (2+1)-d.
The result for the LREE, for the specific Cardy state
|0˜〉 (equation (9) with l = 1), also admits an expression
in terms of the quantum dimensions. From (13),
S|0˜〉 =
pic`
24
−
∑
j
(
dj
D
)2
log
dj
D (14)
The linear combination of Ishibashi states in |0˜〉 is such
that the probability of |ha〉〉, in the boundary state is
d
2
a/D2 [38]. Equivalently, from TQFT fusion rules, it
follows that the factor d2j/D2 is also the probability of
finding a quasiparticle of type j in an anyonic gas at
steady state [39, 40]. The second term can then be inter-
preted as the average topological entanglement entropy.
IV. EXAMPLES
As is evident from the formula (10), the LREE can
be readily calculated for the Cardy states (9) if we
know the central charge and the modular S matrix. The
calculation of LREE for the free boson theory [22] indeed
contains the identical form of the leading divergent term
as predicted. In this section, we explicitly evaluate the
LREE for the Ising model, the triticritical Ising model
and the ŝu(2)k WZW model.
A. Ising model
The Ising model, which corresponds to the Virasoro
minimal model M(4, 3), has a central charge of c = 1/2.
It has three operators : the identity I, the Ising spin
σ and the thermal operator ε. These primaries have
weights 0, 1/2, 1/16 respectively. This model is also
4equivalent to a free massless Majorana fermion. The
modular S matrix can be found in [31, 41].
Following are the results for the left-right entangle-
ment entropy of the Ising model.
Boundary condition LREE
|0˜〉 (pi`)/(48) + 34 log 2
| 1˜2 〉 (pi`)/(48) + 34 log 2
| 1˜16 〉 (pi`)/(48)
The chiral Ising model describes edge excitations of the
p + ip superconductor [35]. Thus, from equation (14),
the average topological entanglement entropy, of the bulk
quasiparticles in the p + ip superconductor can be read
out as
〈Stopo〉(p+ip)SC = −3
4
log 2. (15)
B. Tricritical Ising model
Our second example is the tricritical Ising model. This
is the Virasoro minimal modelM(5, 4) with c = 7/10. It
has six primary operators – an identity (I), three thermal
operators (ε, ε′, ε′′) and two Ising spins (σ, σ′) – with
conformal dimensions 0, 1/10, 3/5, 3/2, 3/80 and 7/16.
The results for the LREE, for various boundary states,
are listed in the following table. (Here, s1 =
1√
5
sin 2pi5
and s2 =
1√
5
sin 4pi5 . These appear as entries in the mod-
ular S matrix [31, 41]).
Boundary condition LREE
|0˜〉, | 3˜2 〉 (7pi`)/(240)− 4(s21 (log s1) + s22 (log s2))− 14 log 2
| 1˜10 〉, | 3˜5 〉 (7pi`)/(240) + 4(
(
s22 − 2s21
)
(log s1) +
(
s21 − 2s22
)
(log s2))− 14 log 2
| 7˜16 〉 (7pi`)/(240)− 4(s21 (log s1) + s22 (log s2))− log 2
| 3˜80 〉 (7pi`)/(240) + 4(
(
s22 − 2s21
)
(log s1) +
(
s21 − 2s22
)
(log s2))− log 2
C. The ŝu(2)k WZW model
The ŝu(2)k WZW model has a central charge of c =
k/(k+ 2). From the knowledge of the modular S matrix
of this theory (see for e.g. [35]), it is straightforward to
calculate the LREE of this theory from equation (10).
(We consider the diagonal theory i.e. with a mass matrix
M = I). We obtain
S|h˜l〉 =
pik`
8(k + 2)
(16)
−
k+1∑
j=1
2
k+2 sin
2
(
pijl
k+2
)
log

√
2
k+2 sin
2
(
pijl
k+2
)
sin
(
pij
k+2
)
 .
In a similar manner, the LREE can be calculated for
WZW models of other ranks and also for coset models.
V. CONCLUSIONS
In this work, we have derived a universal formula for
the left-right entanglement entropy for a state approach-
ing the boundary state for generic CFTs on a circle. The
universal formula for LREE contains a divergent piece
proportional to the central charge of the CFT for any
choice of boundary states. Moreover, for the case of di-
agonal CFTs with a specific choice of a boundary state,
we see that the finite contribution to the LREE can be
fully formulated in terms of the quantum dimensions of
the theory.
Our analysis also shows that this measure of en-
tanglement precisely captures the spatial entanglement
of a higher dimensional topological field theory. This
therefore serves as an alternative derivation of topolog-
ical entanglement entropy and explicitly illustrates the
TQFT/CFT (bulk/edge) correspondence. It is worth
seeking the usefulness and implications of this connection
for the fractional quantum hall effect [42], anyon super-
conductivity [43–45] and topological quantum computing
[39, 46].
It shall be interesting to reproduce the LREE using
the methods of AdS/CFT [3, 47, 48]. The topological
nature of 3d gravity may be useful in this regard. It is
worthwhile mentioning here, that the topological entan-
glement entropy corresponding to 3d black holes having
SL(2,R) holonomies in the hyperbolic conjugacy class
(which are the analogs to quasiparticles of a specific type)
have already been evaluated in [48]. This analysis can be
hopefully extended to other conjugacy classes (parabolic
and elliptic) and it may be possible to calculate the av-
erage topological entanglement entropy. Concurrently, it
would be useful to evaluate the equivalent quantity in a
5CFT (like Liouville theory) with large central charge and
check the holographic consistency.
Another intriguing direction to pursue is to investigate
this quantity for Dp-branes. The methods developed in
this paper and that of [22] can be suitably utilized to cal-
culate the LREE. We can then try to understand whether
this measure of entanglement can shed any new light on
string theory [49].
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